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Abstract—An efficient method is developed for the rapid and IIl. THEORY

accurate calculation of the potential Green’s function in the Th t tential G 's function for th t |
rectangular cavity. The proposed method is based on the Ewald € vector potential Lareén’s function 1or the rectangular

sum technique and converts the slowly convergent cavity Green’s Cavity can be represented by the following dyadic form:
function into the sum of two exponentially convergent series. The —

transformed series achieves fast convergence with only a small Gy =22G az0 + JYG ayy + 22G 42 Q)
number of terms in the calculation.

Index Terms—Green’s function, rectangular cavity, Ewald

sum. Gr = #8Gruw + §9Gryy + 25Gr.. )

where the subscripd and F' designates the magnetic and
I. INTRODUCTION the electric vector potential, respectively. Since the proposed

method can be applied to all components of the Green’s

N THI.E mome”‘ method analys_|§ of the microwave StrU(ffmction in a similar way, only thé&7 4., component will be
tures involving rectangular cavities, the fast and accurate

presented here for brevity.

calculation of the Green’s function is very important [1], Each component of the dyadic Green's function can be

[2]. The frequently used modal form of the cavity Green %xpressed in two different forms. One is the spectral represen-

function is quite slowly convergent, particularly when th?

observation point is close to the source point. Therefore e{tion In terms of modal functions of the cavity [see (3)], and
. on pom € pomnt.. ) the other is the spatial expansion in terms of images produced
is often impractical to calculate the triply infinite Greenso

function series directly [1]. y the cavity walls [see (4)]

A hybrid ray-mode calculation method of the Green'’s [ = EmEnep mAT MY
function has been proposed in [1] for electrically large cavities. Gaze = he Z o2 s oS
In [2], an efficient calculation method has been proposed for m, n, p=0 ":"p /
the potential Green'’s function arising from the periodic source i Y g WY P PTZ
distribution inside the rectangular waveguide, which can be b b c c
easily applied to the cavity Green’s function. The Green's
function has been represented by the first few terms of the _[1, i=0
modal expansion plus quasi-static correction terms, the latter of €= 2, i#0
which have been converted into the rapidly convergent form. y N2 nmN\2  /pT\Z

This letter proposes another method for the rapid and Oémnpz(T) + (T) + (7) -k 3)
accurate calculation of the rectangular cavity Green’s function o0 7 _jkR;
based on the Ewald sum technique [3], [4]. The Ewald sum Gapw =1 Z ZA;”G ’
technique has been derived and used for the effective calcu- am m, n, p=—0o i= Ri, mnp
lation of the potential function due to the two-dimensional
[4] and three-dimensional [3] periodic source distributions in

) . o +1, 0=0,3,4,7
homogeneous media and also proved to be effective in the A7F = 1L i=1.9256

calculation of the rectangular waveguide Green'’s function [5].
For the rectangular cavity problems, the application of Ewald
sum technique expresses the Green's function as the hybrid?; .., = /(X; +2ma)2 + (Y; + 2nb)2 + (Z; + 2pc)?
sum of the modal and the image series. Both of the two series

are rapidly convergent, and therefore, the Green'’s function can ;o , .
. —2',1=0,1,2,3 y—vy,1=0,1,4,5
be calculated accurately with only a small number of terms il; = P4 , Y= P )
. z+2',1=4,56,7 y+vy,1=2,3,6,7
the series.
Iy —
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The image expansion of the Green'’s function can be divided ]
into the following two series according to the identity derived
by Ewald [3], [4]:
GAJ;JC = GAacacl + GAacacQ (5) 0.01
S
RSN . 2 00001
Garel = — A — T TYT =z U
ami=g ), DA N /0 ¢ e g
m, n, p=—o0i=0 []
(5a) &
u 0o 7 9 . , L e 1e-06
G'acac = - AT — ~Ronps +?d
. 47rrn nzp;—oo; ' ﬁ/E ’ 4 ’
(5b) 16-08

whereF is an adjustable parameter in the Ewald sum method.
The G 4,1 series can be converted into the following form:

=) 7 B o2 (@)
7 _%hmap ]
GAacacl = T 1 Z ZA?JC/ e 12— ds
3
16abcm, n, p=—oot=0 0 S 1 T T T T T
eilEE X ik ez (6)
After the closed-form evaluation of the integral [3], the 0.01
above series can be simplified as follows: 5
[ =~ EmEnE, _ O mrx  mwrx’ o
ot
Gayel = e Z SRR TR cos COS £ 0.0007
a m, n, p=0 Ymnp a a 'g
nry . nwy . prz . prz =
-sin—-"sin sin=—sin— @) 1e-06

The integral inG 4.2 Series can also be evaluated in closed-
form [3], [4], and the resultant series can be simplified as le.08 1 . 1 1 .
e-

follows: 60 80 100 120 140 160

e Number of Terms

7
H Tz
GAach = E Z ZAZ (b)

m, n, p=—o0i=0
—ikR: . Fig. 1. Typical convergence behavior of the potential Green's function
kRi, mn .
. Re[e /" morerfe(Ry mnpE — jk/2E)] (8) (Gaze = Gayy = Ga.,ia! =y =2 = 0.5L). (a) Modal expansion.
R; mnp (b) Ewald sum method.

where Re[A] designates the real part of a complex number 0491 q d th idpoint of th W
A. The G azz1 and G .2 series can be interpreted as the” — ¥ =~ # = 63L)’ Ianthc_aroun tﬁ rTh point o eset Of
exponential/error-function weighted modal/image expansi tlﬁie_ y = z = 0.3L). In this case, the three components o

of the Green’s function, respectively. Clearly, tig .., series | vclactt.or poftiﬂt'al alr?' the same. The é(:-fgregcg V?AUGE n ltge
is exponentially convergent, and t&,,..» series is also very caiculation ot the relafive errors are obtainéd by the twa

rapidly convergent due to the presence of the complementgwn method with sufficiently large number of terms included

error function [erfc(x)] which decays at the rate of *" /z. in“the calculation.

Therefore, only a small number of terms are required to obtaﬁglln gieneral,t thvi cionvergt]r(]a nceb ofrt\?eti n:lodzatiln?rgen sn:unnctlorn ;
a convergent result by the proposed method. g. 1(a)] gets worse as the observation points become neare

to the source point. The slow and/or oscillating convergence
of this method limits the accuracy obtainable with this method
IIl. NUMERICAL RESULT even though quite a number of terms are included in the calcu-

The proposed method is tested on a square cavity whdaton. In contrast, the calculations by the Ewald sum method
side dimensionga = b = ¢ = L) are all 0.99),, where)o, show very rapid convergence in all three cases considered
is the free-space wavelength. [Fig. 1(b)].

Fig. 1 compares the convergence of the Green’s functionin applying the Ewald sum technique, the parameker
using the modal expansion [see (3)] and the Ewald sum methgitbuld be predetermined. Larger value Bfaccelerates the
for three different cases. The source point is fixed at the centenvergence of the spati&7.,.,2) series at the expense of
of the cavity (z' = ¥/ = 2’ = 0.5L) and three observation slower convergence of the spect(@¥ 1,.1) series and vice
points are selected along the diagonal of the cavity, far fromersa. Since the spatial series requires more calculation than
the source poinfx = y = z = 0.1L), near the source pointthe spectral series for one term of the series, it is better to
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through averaging Green’s function calculation results over
625 different pairs of source and observation points on the
z = 2z’ = 0.5L plane. On average, it takes only about 90
and 110 terms to achieve 1®and 16> convergence for all
components of the Green’s function, respectively. Therefore,
about 100 term calculations seem sufficient by the proposed
method for use with the numerical analysis of microwave
structures involving the rectangular cavities. Table | shows the
relative error for various source points, when about 100 terms
on average are included in the calculation by the Ewald sum
method. Each data in the table represents calculation results
averaged over all components of the vector potential Green’s
function (electric and magnetic) for 25 different observation
points on thez = 2’ = 0.5L plane. In this case, the maximum
error is 6.49x 107> and the total average error is 2.871075.
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gué]j_j Average convergence behavior of the Ewald sum method =’ = IV. CONCLUSION
This letter proposed an efficient and accurate method based
TABLE | on the Ewald sum technique to calculate the potential Green's
AVERAGE RELATIVE ERROR FORVARIOUS SOURCE POINTS IN function in the rectangular cavity. This method can drastically
THE CALCULATION OF THE POTENTIAL GREEN'S FUNCTION improve the convergence rate of the Green’s function series

BY THE EwWALD SuM METHOD (z = 2’ = 0.5L . . . .
( 5L) and can be used beneficially in the moment method analysis of

5
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